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Abstract-The purpose of this work is to introduce new types of sequences, whose terms are infinite 
series instead of real numbers, and to examine the convergence/divergence of these sequences and of 
the sum of its terms. 
1. INTRODUCTION 
In this note, we focus our concern on sequences whose terms are infinite series involving factorials. 
The precise sum of each series is computed, using power series expansions of exponential, and 
perhaps trigonometric functions, and apply fundamental concepts of calculus. The sum of terms 
of each sequence yields, in this case, a double series, which we will examine for convergence or 
divergence. The techniques we present are tested numerically, and the results are proved to be 
consistent with the analytic discussion. 
2. FIRST TYPE OF SEQUENCES 
In this section, we present a sequence model A = {a,}, whose 
numbers given by 
a n= 1,2,3,... 
terms a, are series of real 
(2.1) 
We note that the integral test is not effective in evaluating series involving factorials as (2.1). 
It is constructive to consider a strategy for evaluating the precise sum of each term of a,. Our 
approach depends mainly on using Maclaurin series for exponential, and perhaps trigonometric 
functions, and applying the fundamental calculus formulas as well. In what follows, we will show 
a method which has proved to be useful in this study. To evaluate the first three terms al, a2 
and us of (2.1), we consider the power series expansions: 
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(2.2) 
(2.3) 
ex - 1 - x - x2/2 1 
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2+;+... , (2.4) 
obtained from the Maclaurin series of e 2. Differentiating both sides of (2.2)-(2.4) and substituting 
t = 1, we find 
a1 = &&y=l~ 
a2 = g&=3-e, 
05 
a3 = 
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- = 5.5 - 2e. 
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In general, we can deduce the generalized form of a, 
a, = [ (1-n)[e-;!a] + 
11 
obtained by differentiating both sides of 
n 
(n-l)!’ nz2 
n=l 
m x’-n 
= c- I ’ r. 
t-=73 
(2.8) 
(2.9) 
and substituting 3: = 1. Using (2.8), we find 
lim a, = 0. 
n-ca 
Further, if we set ara = f(n), we find 
(2.10) 
-(k - l)$(k + x) 
k=2 Iyk+x) ’ 
(2.11) 
and hence, 
f’(4 < 0, (2.12) 
where 1c, and l? are the Psi and Gamma functions such that $ > 0 and l? > 0 for (k: + z) 13. 
It follows that the sequence A whose terms are convergent series is strictly decreasing, bounded 
by 1 and converges to 0. 
We now proceed toward the evaluation of the sum of the terms of the sequence A, i.e. 
(2.13) 
or equivalently 
co 
c 1 1+2 1+2+3 + 1+2+3+4+ (2.14) 
n=l 
=n=g+3!+ 4! 5! *** ’ 
lcQ 1 
=- 
2 c n=O n!’ 
hence, we find 
00 
c 
1 
a, = -e. 
2 
(2.15) 
n=l 
We point out that the success of the algorithm discussed above depends upon the proper choice 
of the power series expansions. 
In the following, we wilI study the sequence B = {b,}, whose terms b, are an alternating series 
of real numbers given by 
(2.16) 
A similar analysis is possible except we use the power series expansions of e-“, hence we skip 
details. To obtain the precise sum of b,, we differentiate both sides of 
n-1 
es” - rFo(-l)f 5 m 
X” 
= x(-l,“y, 
r=n 
(2.17) 
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and by substituting x = 1 we obtain 
b fZ= 
e-l - 
(2.18) 
n = 1. 
This implies that 
lim b, = 0. 
n-oo 
(2.19) 
It can be clearly seen that the terms in the sequence B are alternating in sign, decreasing and 
the sequence B converges to 0. 
To study the convergence of the double series that results as the sum of the terms of the 
sequence B, we get 
In a way similar to (2.14), we can deduce that 
2 b,, = ; f-(-l)‘+, 
n=l n=O 
1 -1 =-e . 
2 
(2.20) 
(2.21) 
To conclude our findings for the models A and B, we note that A converges to 0 whereas the 
sum of its terms converges rapidly to e/2. However, the sequence B, with alternating terms, 
converges to 0 while the sum of its terms converges rapidly to e-l/2. The results (2.8), (2.10), 
(2.15), (2.18), (2.19) and (2.21) were numerically tested and verified as shown in Table 1. 
3. A SECOND TYPE OF SEQUENCES 
We now consider a second type of sequences C = {c,,}, where 
00 
c, = 
k=O (b+nL l)(k!)’ c (3-I) 
A similar treatment to that in Section 2 is possible. Instead, we will use the Maclaurin expansion 
of z”e=, and will apply the integration formulas. To determine c,, we integrate the power series 
expansion of xner between 0 and 1. Hence, we find 
(3.2) 
In view of (3.2), 
lim cn=O. (3.3) n-00 
This implies .that the decreasing sequence C converges to 0. 
Next, we have to show that the double series that is the sum of the terms of C tends slowly 
to 00. To achieve this goal, we set 
~c”=~&k+n:l)(k!)* 
n=l 
(3.4) 
We can easily show that 
00 
c O”l cn = e 1 1 c - T - convergent series. (3.5) n=l r=2 
This suggests that the divergent harmonic series in (3.5) makes the double series of (3.4) tend 
slowly to 00. 
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Table 1. 
a, b, Cn d, 
16 3.150251E15 
17 1.7394943-16 
18 9.105181ElS 
19 4.5300993-19 
20 2.1475133-20 
21 9.721486E22 
22 4.2108983-23 
23 1.748500%24 
24 6.9717913-26 
25 2.6735823-27 
26 9.8751693-29 
27 3.5179053-30 
28 1.2102293-30 
29 4.0277483-33 
30 1.3225653-34 
n+co 
1 0.2642411 1 0.2642411 
0.281718 -0.1036383 0.7182819 0.1606028 
6.3436353-02 2.8482243-02 0.5634363 0.1139289 
1.182118EO2 -6.0638733-03 0.4645365 8.7836323-02 
1.8726863-03 1.0566873-03 0.3955996 7.1302173-02 
. . . ..* . . . ,.. 
..I . . . . . . 
. . . 
0 
-2.5221843-15 0.1514609 
1.409098E16 0.1434468 
-7.4539183-18 0.1362399 
3.7440793-19 0.1297239 
-1.7903493-20 0.1238038 
8.169049E22 0.1184014 
-3.5642163-23 0.1134514 
1.4898853-24 0.1088993 
-5.9773243-26 0.1046989 
2.3053283-27 0.1008108 
-8.5601923-29 9.7201483-02 
3.0645313-30 9.3841963-02 
-1.059098E31 9.070714EO2 
3.5376263-33 8.7775163-02 
-1.1425733-34 8.5026963-02 
0 
2.290879E02 
2.156988EO2 
2.037847E02 
1.93115oEo2 
1.8350473-02 
1.7480393-02 
1.6688933-02 
1.5965933-02 
1.530288EO2 
1.469264EO2 
1.412913E02 
1.3607213-02 
1.312243EO2 
1.267097EO2 
1.22495OEO2 
0 0 
ncI a, = 1.359141 gI b, = 0.1839397 gI d, + co 
We close our analysis by considering the sequence D = {d,,}, where 
00 
dn = go(-l)* (k + 1: n)n!’ (3.6) 
To determine d,,, we integrate the expansion of x”e-” between 2 = 0 and x = 1. Hence, we find 
(3.7) 
so that 
lim d, = 0. (3.8) n-02 
Besides, the sequence D can be shown to be decreasing and, in view of (3.8), converges to 0. 
We next evaluate 
21dn = 5F(-1)k(k+n1+ l)n!’ (3.9) 
n=l n=l k=O 
Expanding the right hand side of (3.9), we can show that 
00 
c d ,=e -1 + a convergent series. (3.10) 
lI=l 
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The harmonic series in (3.10) makes the double series of (3.9) to diverge slowly to 00. The last 
results for the sequences C and D are tested numerically as shown in Table 1. The numerical 
results for the two types of sequences are consistent with the analytic discussion. 
In closing, a proper choice of the combination of power expansions of exponential, and perhaps 
trigonometric functions, is necessary for the technique to succeed. The task may be somewhat 
laborious. 
4. NUMERICAL TESTS 
Table 1 shows the exact values of the terms of the sequences A, B, C and D and the exact 
values of the convergent double series. 
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